Coulomb Blockade Doppelgangers in Quantum Hall States 
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In this paper, we ask the question: How well can Coulomb blockade experiments correctly identify and 
distinguish between different topological orders in quantum Hall states? We definitively find the answer to be: 
Quite poorly. In particular, we write the general expression for the spacing of resonance peaks in a simple 
form that explicitly displays its dependence on the conformal scaling dimensions of the systems' edge modes. 
This form makes transparent the general argument that the Coulomb blockade peak spacings do not provide 
a strongly indicative signature of the topological order of the system, since it is only weakly related to the 
braiding statistics. We bolster this general argument with examples for all the most physically relevant non- 
Abelian candidate states, demonstrating that they have Coulomb blockade doppelgangers - candidate states 
at the same filling fraction with identical Coulomb blockade signatures, but dramatically different topological 
orders and braiding statistics. 

PACS numbers: 71.10.Pm, 73.43.-S 73.43.Jn 05.30.Pr 
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I. INTRODUCTION 

Quantum Hall states are remarkable physical systems be- 
cause they are topologically ordered phases of matter. Non- 
Abelian topological phases, which possess quasiparticles 
whose exchange statistics are described by multi-dimensional 
representations of the braid groupie, have recently attracted 
much attention due to their potential use as a naturally fault- 
tolerant medium for quantum information processing^—. A 
number of non-Abelian quantum Hall states have been pro- 
posed as likely candidates for the second Landau level plat- 
ueau&!2r— . The second Landau level quantum Hall states have 
been the focus of many recent experiments, including ones 
that have provided evidence in support of a non-Abelian state 
at i/ = 5/2222!, 

Clearly, it is important to have experimental tests that can 
accurately identify and distinguish the topological order phys- 
ically realized in a quantum Hall system. A class of ex- 
periments proposed in Refs. 22.23 for such purposes is the 
Coulomb blockade experiments. In these experiments, a re- 
gion of the quantum Hall liquid is effectively pinched off on 
two sides from the rest of the liquid, forming an isolated pud- 
dle. (Such a configuration may unintentionally occur when 
attempting to implement a double point-contact interferome- 
ter, such as those used for interference experiments. However, 
this appears not to be the case in the experiments of Ref. l2ll ) 
In such a configuration (see Fig.Q]), most of the edge current 
will flow from one edge to the other at the pinched regions. 
However, some of the current can flow from one end of the 
Hall bar to the other as a result of electrons tunneling to and 
from the puddle, across the pinched off regions where the Hall 
liquid does not exist. Generically, such electron tunneling will 
be energetically prohibited by the charging energy of the pud- 
dle. However, there will be tunneling resonances when the 
ground-state energies are degenerate for two different values 
of N e , the number of electrons in the pinched-off puddle. By 
varying the area of the puddle, one will pass through a series 



of such resonances, the spacing of which is determined by the 
properties of the particular quantum Hall state. 

In this paper, we study the signatures of quantum Hall states 
in the Coulomb blockade experiments, demonstrating through 
general arguments and specific examples that this class of ex- 
periments does not provide a very discerning probe of topo- 
logical order. Specifically, we write the general expression for 
the spacing between tunneling resonance peaks in a simple 
form which allows the predictions of this experimental signa- 
ture to be obtained with only knowledge of the fusion rules 
and the conformal scaling dimensions of the edge modes of 
the candidate states. From this, we demonstrate that gener- 




FIG. 1 : A quantum Hall liquid (hatched regions) with two constric- 
tions generated by top gates (grey rectangles) which deplete the Hall 
liquid underneath them. This forms an isolated puddle with tunnel 
junctions on both sides, where electrons can tunnel (dashed lines) 
to and from the puddle, allowing some current to flow through the 
blockade. Tunneling resonance patterns may be observed in the edge 
current (arrows) as a result of changing the area of the puddle with 
a side gate P. These resonance patterns will depend on the total 
topological charge of the quasiparticles (red dots) contained in the 
puddle. 
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ally any quantum Hall state can have a Coulomb blockade 
doppelganger - a dramatically different quantum Hall state 
at the same filling fraction with identical Coulomb blockade 
signatures. This was first noticed while examining v = 5/2 
candidates in Ref. |24l where it was shown that the Abelian 
(3, 3, 1) stated (without spin/component symmetry breaking) 
has the same Coulomb blockade pattern as the non-Abelian 
Moore-Read (MRA anti-Pfaffian (Pf)iMi, and SU(2) 2 non- 
Abelian fractional quantum Hall (NAF)ii states. In this pa- 
per, we examine all the strong candidate quantum Hall states 
and find doppelgangers for most of them. Furthermore, we 
show that nearly all of the viable candidates for the observed 
second Landau level filling fractions are Coulomb blockade 
doppelgangers of each other (at a given filling). 



II. COULOMB BLOCKADE FOR QUANTUM HALL 
STATES 

In the general setting, Coulomb blockade experiments al- 
low one to probe correlations in a strongly-interacting system 
by the means of single electron tunneling through a quantum 
dot via two tunnel junctions 2 -. One then expects to see reso- 
nant tunneling peaks, as a function of some external parame- 
ters, whenever the energy of the isolated dot with N and N+l 
electrons is degenerate, £(N) — £(N + 1). In the quantum 
Hall regime, one can envision several experimental settings. 
In general, there may be several edge channels surrounding in- 
compressible regions at different filling fractions. The afore- 
mentioned "dot" need not be fully isolated since not all edge 
channels are necessarily pinched off at the tunnel junctions. 
Furthermore, the pinched-off region may itself contain com- 
pressible regions^. 

To avoid ambiguity, we focus here on the case where the 
bulk of the sample is in the quantum Hall state at a filling 
fraction v. The entire edge structure then consists of \ v\ outer 
integer quantum Hall channels (separated by the incompress- 
ible strips) and the innermost fractional quantum Hall edge 
corresponding to a v = v — \ v\ state. We assume that only 
the innermost edge separating the incompressible regions with 
filling fractions of \ v\ and v is pinched off at the gated con- 
strictions as shown in Fig.[T] The integer quantum Hall chan- 
nels that propagate past these constrictions are not shown in 
the figure. We consider the case where the pinched off pud- 
dle region contains incompressible Hall fluid. The puddle can 
contain a number of quasiparticle excitations, however the en- 
ergy gap to their creation is assumed large comparing to the 
typical charging energies (this is just a restatement of the in- 
compressible nature of the puddle). For the purpose of this 
treatment, we envision the experimentally tunable external pa- 
rameters are the uniform background magnetic field and the 
voltage applied to the side gate P, which changes the equilib- 
rium area of the puddle A. 

The isolated nature of the puddle guarantees that it con- 
tains an integer number of electrons - this is a conventional 
Coulomb blockade setting. We contrast this situation with 
the recently emerged notion of "Coulomb domination"— ~— 
whereby the Coulomb energy of the puddle can be the dom- 



inant energy even when the puddle is far from being pinched 
off from the rest of the Hall fluid. In the Coulomb-dominated 
regime, the number of electrons in the puddle is determined 
by the condition that they exactly neutralize the positively 
charged background, but need not be quantized. 

To translate the resonant tunneling condition £(N) = 
£(N + 1) (where the energy is predominantly Coulombic) 
to our setting, we notice that the electron number can only 
change by one whenever the gate voltage is increased by 
enough to allow one additional electron into or out of the pud- 
dle. At this point, there is a peak in the longitudinal con- 
ductance (which are also peaks in the longitudinal resistance, 
since Rl <C Rh) since it is only at this point (or rather within 
ksT of it) that the charge on the puddle can fluctuate. Since 
the density in the puddle is fixed, the spacing between peaks 
as a function of area is naively just the additional area required 
to allow one more electron into the puddle: 

AA = - (1) 

Po 

where po = evB / $o is the charge density inside the dot. This 
consideration, however, is too simplistic as it misses the quan- 
tum mechanical nature of the edge. Specifically, the edge 
modes need to satisfy certain boundary conditions that are 
consistent with their quantum numbers. In order to incorpo- 
rate this physics into our treatment, we follow Ref. |23| and 
write the energy of a charged edge as: 

where L is the puddle circumference and $o = hc/e is the 
magnetic flux quantum. Here ip is the chiral bosonic field 
describing the edge charge mode; the corresponding linear 
charge density is given by p = d x Lp/2iT. This description, 
however, does not capture the entire edge physics of systems 
which have more than just such a charge mode. For general 
quantum Hall states, one also needs to account for a kinetic 
energy of neutral edge modes. To do so, we turn to a more 
formal description of excitations in the quantum Hall systems 
of interest. 

Anyonic quasiparticles carry conserved quantum numbers 
called topological charge, which obey the fusion rules 

axb = J2K b c (3) 

c 

corresponding to the topological order of the state, where the 
fusion coefficients Nf ib specify the number of ways charge a 
and b can combine to produce charge c. If a and b are non- 
Abelian charges, then ^ c N^ b > 1. The bulk of the pinched- 
off puddle will have some definite total collective topological 
charge 

«Af t = af ' x a qps , (4) 

determined by N e together with the topological charge of an 
electron a e , and the total topological charge a qps of the bulk 
quasiparticle excitations in the puddle. Since electrons are 
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Abelian, ajv e is uniquely specified given a definite value of 
a qps . If the bulk quasiparticles are all Abelian, then a qps = 
Y[j aj is also uniquely specified, where j indexes the bulk 
quasiparticles and ctj is the topological charge of the j th bulk 
quasiparticle. When the bulk quasiparticles are non-Abelian, 
there can be multiple fusion channels, and so we write a qps £ 
Ylj aj to indicate that a qps is one of the allowed fusion chan- 
nels of the quasiparticles. In this case, a qps will still have a 
definite value, since the puddle is isolated. The entire puddle 
must have trivial total topological charge 0, so, to compensate 
for the bulk topological charge a^, the edge of the puddle 
carries the conjugate topological charge ajy e - This topolog- 
ical charge determines which sectors of edge excitations are 
allowed to occur, and hence the energy spectrum of the edge 
excitations. Thus, the pattern of tunneling resonance peaks is 
determined by the ground-state energy £ (N e , B, A, a,N e ) of 
the puddled, which depends on the number of electrons N e 
in the puddle, the background magnetic field B, the puddle 
area A, and the collective topological charge ajv e of the bulk. 

The edge of a quantum Hall fluid can be described using 
conformal field theory (CFT)2£. For a pure CFT on a circle 
of length L, the energy of a m th level descendent of the pri- 
mary field if is (h v + m), where v is the velocity and h v 
is the conformal scaling dimension of tp. For a quantum Hall 
system, there can be multiple edge modes, and the topological 
charge a on the edge determines which primary field a,W of 
the j3 th mode is present. For this analysis, we are interested 
in the ground-state energies, and can ignore descendents (let 
m = 0). Some of the edge modes may couple to other quan- 
tities that break their conformal symmetry. We can thus write 
the energy as the sum over effective energies from the edge 
modes 



£(N e ,B,A,a N , 
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where L is the length of the puddle's perimeter, vp is the ve- 
locity of the /3 th mode, and ha is the effective scaling dimen- 
sion of the j3 th edge mode. The effective scaling dimensions 
include any modification of these modes that arise when the 
CFT couples to other quantities. When there is no modifica- 
tion of an edge mode, one simply has = hi^, the con- 
formal scaling dimension of a^K For example, the charge 
sector's conformal dimension of an excitation with electric 
charge e* is given by 



,(c) 
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(6) 



However, we include the electrostatic area dependence in the 
energy of the charge mode (denoted c) by writing^: 

» _ 4 /?B(A-A ) N 2 




(7) 



(8) 



where A is the area of the puddle with just enough quasiholes 
fewer than the given configuration in order to have = 



(see Refs. SH l] for more clarifying details), and only the 
fractional part of the filling v, enters the expression because 
the fully filled Landau levels are treated as inert. 

The expression in Eqs. ( 17181 ) can be written somewhat more 
transparently as 



(9) 
(10) 
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(11) 



where Ni is the quantized number of fluxes ascribed to the 

(c) 

electrons (which have a e = \ jv flux per electron) and bulk 
quasiparticles (the j th quasiparticle having fluxes), So is 
a finite (not necessarily integer-valued) shift, and is the 
actual number of magnetic fluxes through the puddle. In this 
form, the energy is seen to be due to the discrepancy between 
the actual number of fluxes through the puddle and the flux 
quantization condition. Alternatively, we can translate flux to 
charge and think of this as the energy cost for violating charge 
neutrality. From this, we can see that without the inclusion 
of neutral modes the spacing between resonance peaks would 
simply be A A = e/po, the average area that a single elec- 
tron occupies. However, the internal structures of a quantum 
Hall state can give rise to deviations from this simple behavior 
through the neutral modes. In order to determine this deviant 
behavior, one must track how the topological charges of the 
neutral modes change as electrons are added to and removed 
from the puddle. 

The spacing between two tunneling resonance peaks, for 
example the resonance when £(N — 1) = £(N) and the reso- 
nance when £(N) = £(N + 1), which has the corresponding 
sequence of total topological charge of the puddle: 



ajv — > aisr+i 



will be given by 



AA 



N 




s 2 m = m +h[^ 

ajsf fw+i ctjV— l 



s 2 m 



2m 



(12) 

(13) 
(14) 



assuming that h^ 3 ' do not depend on A for j3 ^ c. Eqs. ( 11311 4b 
are general, yet simple expressions which allow one to easily 
predict the Coulomb blockade spacings for candidate quan- 
tum Hall states. To compute the Coulomb blockade resonance 
peak patters from these equations, one only needs a cursory 
understanding of CFT. Specifically, one only needs to know 
the fusion rules, the conformal dimensions of the different 
topological sectors, and the topological charge carried by the 
electrons. 

When there is a single neutral sector, e.g. when there is only 
one neutral mode or when the neutral modes have equilibrated 
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into a single sector with common velocity v n , this becomes 



B. Changing Quasiparticle Content 



AA N = 



Po 



a N + l a N-l a N 



(15) 
(16) 



In the following examples, we will always assume the sim- 
plest case where all the neutral modes of a state have equili- 
brated, and use these equations. However, one should keep 
in mind that the neutral modes may not be fully equilibrated, 
in which case one would still have to use Eqs. ( 1131141 ) with 
multiple neutral velocities. 

We note that neutral mode velocities are typically expected 
to be small compared to the charge mode velocity. For exam- 
ple, the experimental studies of Refs. I32TI331 found v n ~ 0.1 v c 
for the v = 5/2 state. Clearly, this would make it experimen- 
tally challenging to resolve the deviations of the resonance 
peak spacings from the trivial spacing A An = —■ 



A. Bulk-Edge Relaxation 

When there are non-trivial electrically neutral excitations 
in a quantum Hall state, there will generally be tunneling of 
such excitations between the edge and the bulk quasiparticles 
that will not change the bulk energy, but may lower the edge 
energy. If the area of the puddle is changed slowly compared 
to the tunneling rate of such neutral excitations (which is gov- 
erned by the distance of bulk quasiparticles from the edge), 
then the spacing between consecutive resonance peaks will be 
modified because the total topological charge on the edge (and 
in the bulk) will change as a result of the tunneling event. We 
emphasize that while such bulk-edge relaxation generally can 
occur for non-Abelian quantum Hall states, it can also occur 
for certain Abelian states as well. 

For the resulting spacing when bulk-edge relaxation oc- 
curs^, one replaces 8 2 haJ in Eq. ( TT3l ) with 



a N 



a N _ 



a N -i 



(17) 



where the primed topological charges are the ones that result 
after electron tunneling before relaxation has occurred, and 
the unprimed topological charges are the ones that result af- 
ter relaxation has occurred while the puddle area is being in- 
creased, i.e. when the topological charge advances through 
the sequence of relaxation and electron tunneling 



In the above analysis, it was assumed that the quasiparti- 
cle content of the puddle remains fixed while the area of the 
puddle is changed. This, of course, need not be the case. 
For example, a quasiparticle could be pinned at an impurity 
site which passes from the inside to the outside of the puddle 
as its boundary is moved in the process of changing its area. 
When the quasiparticle content of the puddle is changed in the 
course of the experiment, the observed Coulomb blockade res- 
onance peak pattern will switch between patterns correspond- 
ing to different total topological charge a qps of the quasiparti- 
cles contained in the puddle (and hence of different total topo- 
logical charge ajv e of the puddle). 



C. Multiple Electron Flavors 

When there are multiple "flavors" of electrons (e.g. in 
multi-layer or spin unpolarized systems), one generalizes the 
above discussion in the obvious way. Specifically, each fla- 
vor of electron has a particular topological charge assigned to 
it, which generally differs from one another. Consequently, 
the additional or removal of an electron of a particular flavor 
may be energetically preferred or disfavored for a given con- 
figuration of the system. Such an energetic preference must 
be taken into account when determining the sequence of topo- 
logical charge as electrons are added to or removed from the 
puddle, and hence of the spacing between resonance peaks. 



D. Non-Uniform Filling 

When there is non-uniform filling, e.g. for hierarchical 
states exhibiting a layered edge structure, one must treat each 
region of given filling fraction separately. Consequently, one 
has a distinct copy of Eqs. ( 113114b for each edge separating 
two regions of different filling, with v now equal to the differ- 
ence in filling fractions between these two regions. However, 
in such a scenario with multiple regions of different filling and 
multiple edges, there is a priori no relation between the areas 
of the different regions, since these are non-universal prop- 
erties that will depend on system details. Because of this, it 
is difficult to make meaningful predictions regarding the re- 
sulting tunneling resonance patterns that arise for states with 
non-uniform filling. 



relax e / relax e / 
> ffljV— 1 — ► a N > a N —> OjV+1 



(18) 



(N — 1 and N + 1 would be interchanged if the puddle 
area were being decreased). When the area of the puddle is 
changed quickly compared to the neutral excitation bulk-edge 
tunneling rate, the spacing will simply look like Eq. dT~3b . 
For intermediate time scales, the spacing between consecu- 
tive resonance peaks will be given by some smearing between 
Eqs. (TT~4b and (Tj\ , Bulk-edge relaxation generally has the ef- 
fect of decreasing the visibility of bunching in the resonance 
peak patterns. 



III. COULOMB BLOCKADE DOPPELGANGERS 

At first, one might naively think that the spacing patterns 
of Coulomb blockade tunneling resonance peaks should be 
rather distinctive signatures of the topological order of the 
system, since they are determined by the corresponding fu- 
sion rules and conformal scaling dimensions, which are in fact 
highly distinctive properties. However, a bit more thought re- 
veals the fallacies of this reasoning: first of all, it is only a 
very restricted set of fusion rules that apply in this setting, i.e. 
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repeated fusion with the Abelian topological charge carried 
by electrons; secondly, the conformal dimensions do not enter 
the expression Eq. ( fT3l ) in a simple way, but rather do so in 
the combinations given in Eqs. (1 141 1 7b . From this, it is clear 
that quantum Hall states with dramatically different topolog- 
ical orders and braiding statistics (or, more specifically, even 
with dramatically different fusion rules and conformal scaling 
dimensions) can nonetheless give rise to Coulomb blockade 
patterns that are identical. 

This complication goes beyond the experimental challenges 
which may make different states difficult to distinguishable 
via Coulomb blockade experiments, such as insufficient res- 
olution, the likely small values of Vp/v c , and the thermal 
smearing of resonance peaks. While these experimental ob- 
stacles may in principle be overcome, the indistinguishabil- 
ity of Coulomb blockade doppelgangers is an inherent prob- 
lem which cannot be surmounted within this class of ex- 
periments. Hence, in contrast to interference experiments, 
Coulomb blockade lacks the ability to unambiguously iden- 
tify even the presence of non-Abelian statistics in a quantum 
Hall state. 



IV. EXAMPLES 

Having established simple methods which allow us to eas- 
ily compute the Coulomb blockade tunneling resonance peak 
patterns, we now turn to the important examples of candidate 
quantum Hall states. 



A. U(l) sectors 

If a quantum Hall state includes an array of Abelian U(l) 
sectors with coupling K -matrix, it is useful to separate them 
into the charge and neutral modes. This can be done by di- 
rectly diagonalizing the A'-matrix, or alternatively at the level 
of the flux vector. In this manner, for an excitation with U(l) # 

34 



flux vector ~t 



one can write 



(c) - 



e 

ve 



"■a 
-fin) 



2 

~t - a (c) i 



t c ■ K- 1 ■ ~t 
L ■ K~ x ■ L 



tr-K- 



(19) 

(20) 
(21) 
(22) 



where i c is the "charge vector" of the corresponding A'-matrix 
(and t c ■ A' -1 ■ I n — 0). (Note: these equations can also be 
used for electrons by treating them as excitations with e* = e, 
rather than their actual charge — e.) The fusion rules of topo- 
logical charges in such U(l) sectors is given by addition of the 
flux vectors. This can apply to hierarchical/composite fermion 
type states, as considered in the next section, as well as multi- 
component ("component" can mean layer, flavor, spin, etc.) 



B. Haldane-Halperin States 

The Haldane-Halperin (HH) state s 36,37 are described by an 
array of U ( 1 ) s, and so can be analyzed using their correspond- 
ing A-matrices and charge vectors (see, e.g. Refl35l). as pre- 
viously explained (for hierarchy states, one must remember to 
identify flux vectors under addition of the electrically neutral 
bosons in order to produce the smallest conformal dimension). 
Unfortunately, this is cumbersome to apply in complete gen- 
erality. However, the subset of these states at the prominent 
filling fractions v = 2n p±i > wn i cn a l so admits an equivalent 
composite fermion (CF) description^, possesses additional 
symmetry which allows the edge theories to be described by 
SU(n)±i x U(l), where the U(l) is purely the charge sec- 
tor and SU(n)±i is the neutral sector 3? =. This separation into 
charge and neutral sectors makes this subset of HH states very 
easy to analyze. The SU(n)±i charges obey Z„ fusion rules 



A ii x A i2 = 



(23) 



where we define \j] = jmod?i, and have conformal dimen- 
sions 



j (n - j) 
2n 



(24) 



The electron carries SU(n)±i charge Ai. Thus, as the number 
of electrons in the puddle increases (one at a time), the total 
SU(n)±i charge of the puddle advances through the sequence 



A 



[j]„ 



A 



[j+i], 



for which one immediately obtains 



2f» 



8*h 



1 - i for 
-i for 



-> .. . 



3=0 
3*0 



(25) 



(26) 



This bunches the resonance peaks into groups of n peaks. 
This matches the result obtained in Ref. 40 through the use 
of annulus CFT partition functions. One can also check that 
the same results are obtained using A'-matrix methods for 
the calculation^ 6 -. Relaxation does not occur for these states. 
The v = 1/m Laughlin states^ correspond to n = 1 and 
p = which gives no neutral mode, and hence trivially 

has AA = e/pQ. 



fc-Component [M + 2; M] States and their Hierarchical 
Counterparts 



The multi-component Abelian U(1)k states 35 with = 
M + 2Sij (where M is an integer) for i,j G {1, . . . , k} and 

charge vector t c = (1 . . . 1) T are v = kA j +2 generalizations 

of Halperin's (3, 3, 1) stated (which is the k = 2, M = 1 



case). Using Eq. (|22| with [A" 1 ^ 
find 



-AI 
2(kM+2) 



±<5 



» 



state 



.35 




(27) 
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The jth layer electron ej has corresponding flux vector I 



with components i( e . 
vectors 



= Ki. 



We define the special flux 



^ (q.rii) 



E 



(28) 



where ~cl 



( q ) = (0 ... 01 ... 1) has its first q entries equal to 
and its last k — q entries equal to 1. It is straightforward to 
compute 



q{k — q)-\-4qm — 4m 2 
q(k— q)+4qm— Am 



for < to < q 

\ + m for q < m < k 
(29) 

At this point, it may still not be obvious why we are paying 



4k 



special attention to the flux vectors "^( q , m ) 
hS n > satisfies the property 



» 



An) 

~t+i c 



We first note that 



(30) 



and that permuting the components of a flux vector leaves its 
conformal dimension unchanged. This makes it clear that the 
flux vectors for an arbitrary energetically preferred tunneling 
sequence is related to the flux vectors a (q >m ) through per- 
mutation of components and (multiple) addition/subtraction 



of t r . When a flux vector cannot be related to one of ~d 



-4 



(q,m) 



through permutation and addition/subtraction of t c , it repre- 
sents an energetically unfavored state. Such flux vectors will 



reach ones that can be related to 77 



after a few electrons 



have tunneled. Thus, we see that for an arbitrary configuration 
of bulk quasiparticles, electron tunneling will give a sequence 
of flux vectors that is equivalent (in terms of ftA n ) values) to 



^ (q.rii) 



r a (g,m^ 



(31) 



and hence the Coulomb blockade resonance peak spacing is 
determined by Eq. d29l by successively increasing to, which 
gives 



2i» 



5*h 




= 9 = 

= 0, q when q ^ 

^0,q 



(32) 

This produces bunching of the Coulomb blockade resonance 
peaks into alternating groups of q and k — q peaks. This is 
identical to the RR^ j\/ Coulomb blockade pattern (see Sec- 
tion llV El with q here matching up with 2j there). 

For concreteness, we explicitly consider the (3, 3, 1) state. 
If there are an even number of quasiparticles in the puddle, 
then electron tunneling will give either of the two sequences 
(up to equivalences): 



(33) 
(34) 



i.e. either component electron can tunnel when the total topo- 
logical charge is trivial, but if there is an imbalance between 



components, tunneling an electron of the deficient component 
will be energetically preferred. This gives alternation between 
S 2 h^ = ±1. If there are an odd number of quasiparticles in 
the puddle, then electron tunneling will give the sequence (up 
to equivalences) 



(35) 



which has 5 2 h^ = 0. 

The fc-component [M + 2;M] states allow relaxation by 
tunneling electrically neutral excitations (e.g. ( — 110 . . .0)) 
between the edge and bulk, or alternatively (but equivalently 
in effect) by tunneling flux from one component to another. 
The fully relaxed state has its flux spread as evenly be- 
tween the components as possible, i.e. producing flux vec- 
tors that are related to a / q ) through permutation and addi- 
tion/subtraction of t c . Adding an electron and then relaxing 
the system in this manner, one has a tunneling and relaxation 
sequence that is equivalent to 



relax — y 
► a (q) 



e g+ i -± 
> a (qA) 



relax — y e g+3 
> a ([?+2]J > 



thus giving 



for q = 0, 1 
for q ^ 0, 1 



(36) 



(37) 



When k is even, this gives bunching of the resonance peaks 
into groups of k/2. When k is odd, this gives bunching of 
the peaks into alternating groups of and ^p. This is 
also identical to the RR^ m Coulomb blockade pattern when 
relaxation occurs (see Section llV El ). 

One can also construct Abelian single-component (k th 
level) hierarchical counterparts of these fc-component states, 
by starting from v = — ^ Laughlin states and condensing 
paired fundamental quasielectrons. Specifically, these states 
are described (in the hierarchical basis) by the charge vector 
t c = (10 . . . 0) T and the X-matrix with non-zero elements: 



M + 2, K 



j j 



4, and K 



3,3-1 



= K 



3~h3 



-2 for 



j = 2, . . . , k. It is clear that these hierarchical states have 
Coulomb blockade patterns that are identical to that of their 
fc-component counterparts (and, hence, also of the RR^jv/ 
states), since their A'-matrices are related by SL(fc,Z) trans- 
formations. 

The fc-component [M + 2; M] states, their hierarchical 
counterparts, and the RRfc,M states provide a rather demon- 
strative example of Coulomb blockade doppelgangers. In par- 
ticular, comparing the conformal dimensions in Eqs. d29b and 
d63l ) reveals how different even the conformal dimensions can 
be for states that produce the same Coulomb blockade pat- 
terns. However, it is perhaps not so surprising that these states 
are doppelgangers of the RR states, given the deep connec- 
tions known to exist between therr42^i 

Finally, we note that the Coulomb blockade patterns com- 
puted above for the fc-component [M + 2; M] states assumed 
that there is either no or only very weak (so as not to be no- 
ticeable) breaking of the multi-component symmetry of the 
state. Clearly, if this symmetry were broken, the different 
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energies would be affected, resulting in different Coulomb 
blockade patterns. Such symmetry breaking would allow the 
/c-component [M + 2; M] and RR^ j\/ states to potentially be 
distinguishable using Coulomb blockade. However, the coun- 
terpart of this symmetry for the hierarchical counterpart states 
will not be broken if the edges are fully equilibrated. We will 
see further examples of Coulomb blockade doppelgangers for 
which there is no such resolution from symmetry breaking. 



D. Bonderson-Slingerland States 

The Bonderson-Slingerland (BS) hierarchy states^ gener- 
alize the hierarchical construction to apply to non-Abelian 
states. The simplest of these simply applies hierarchy to the 
charge sector, adding an array of U(l)s to the parent state, 
which can then be analyzed with the help of corresponding 
/^-matrices and charge vectors. 

Similar to the HH states, there is a subset of these states 
which admits a CF type description 18 , which will also have 
a mapping of the edge theories to a simple form partitioned 
into charge and neutral sectors. Specifically, these are the BS 
states at filling fractions v = ( 2 p=Fi)n±i (denoted BS„) which 
are built on the v = ^ MR parent states (including the two 
series v = — tt and „ " . built on v = 1/2). Their edge 

ro+1 3n— 1 ' ' to 

theories can be mapped to Ising x SU(n)±i x U(l), where 
the U(l) is purely the charge sector and Ising and SU(n)±i 
are the neutral sectors. The Ising charges' fusion rules are 



for which 



IxI = I, I x ip = ip, I x a = a, 

ip X ip = I, ip X a = a, a X a = I + ip, 

and they have conformal dimensions 



0. 



1/2, h a = l/16. 



(38) 



(39) 



Noting that the electron carries IsingxSU(n)±i charge 
(ip, Ai), we see that if the puddle contains an even number 
of (T-type quasiparticles, electron tunneling will give the se- 
quences of (neutral sector) Ising xSU(n)±i charge 



for which 



n {iA D ) 



2 - i for 7 = 
1 - 1 for j 

-i for 7=0 
-1 - i for j + 



(40) 

(41) 
(42) 



which is like the HH/CF states, but in addition to bunching 
into groups of n, there is further pairwise bunching resulting 
when the Ising charge switches between / and ip. 

When the puddle contains an odd number of cr-type quasi- 
particles, electron tunneling will give the sequences of (neu- 
tral sector) IsingxSU(n)±i charge 



a, A 



a, A 



(43) 



8 2 h {n) 



1-| for j = 
-\ for j^O 



(44) 



which is exactly like the HH/CF states, without any additional 
pairwise bunching resulting from the Ising sector. 

When n is odd, these states allow relaxation by tunneling 
a neutral ip charge between the edge and bulk quasiparticles. 
Adding an electron to the puddle and then relaxing the system 
in this manner, one has the tunneling and relaxation sequence 



••• — > ( J . A b]J ^ (V ) » A [i+i]„) — > {LA U+1] J ^ ••• 

(45) 

when the puddle contains an even number of er-type quasipar- 
ticles, and 



^ ( CT > A b]J ^ ( CT ' A [i+i]„) ^ 



(46) 



(i.e. is unaffected by relaxation) when the puddle contains an 
odd number of er-type quasiparticles. Both of these have 



rij./(n) _ I 1-i for .7 = 



(47) 



wherein the Coulomb blockade resonance peak spacing is in- 
dependent of the bulk Ising charge of the puddle, and bunches 
peaks into groups of n. 

When n is even, these states allow relaxation by tunneling 
either a neutral ip charge or a neutral {a, A n / 2 ) charge between 
the edge and bulk quasiparticles. For this we define j± = 

l^ir~\ ■ ( Note tnat 3+ + 3- + 1 = n / 2 -) Adding an electron 
to the puddle and then relaxing the system in this manner, the 
tunneling and relaxation sequence (which occurs for all bulk 
quasiparticle configurations) is 



relax 



> LA 



(iP,A 



[i+i] 



relax 



> LA 



b+i]J 



for < j < j+ and n — j + < j < n, 

for < j < j- and n — j_ < j < n, and 
... ^> (J,A J+ ) A (^,A i++1 ) ^ (a,K-j-) 



relax 



> (L A n -j + ) 



for j = j±, respectively. For n > 4, this gives 



8 2 h' {n) 



1 - i for 7=0 
-i" for j^0, 

1-1 for j = 

— 1 — — for j = n — j- 

-h for i^0,n-i_ 



(48) 
(49) 

(50) 
(51) 

(52) 
(53) 



so that the peaks are bunched into two groups of n/2 peaks, 
with one separation that is bunched closer than the rest within 
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the first group, between the first j + + 1 and next j_ peaks. We 
need to examine the cases n = 2 and 4 separately, since they 
have j'_ = 0. 

For n = 2, the tunneling and relaxation sequence is 



...^(/,A ) ^ (^A0 
(<r,Ai) 

which gives alternation between 



relax 



+ (a, A ) 



E. Read-Rezayi States 



The fc-clustered Read-Rezayi (RR^.m) states^ 5 - at v = 
kA j +2 can ^ e written as Pffc x U(l), where the U(l) is the 
charge sector and the parafermion a 45 ' 46 (Pffc) is the neutral 

™2k 



sector. The Pffc charges $ 2 r { carry a SU(2)fe charge j and a Z 



► (-f i Aq) — > ■ • • (54) charge to, the pair of which are restricted to obey [2j 



(55) 
(56) 



For n — 4, the tunneling and relaxation sequence is 

relax / T ■ \ e / , 4 \ relax / T * \ 

... — ■» (7,A ) (^,Ai) > (J,Ai) 



— ► 

relax 



relax 



(i/>,A 2 ) >• (ct, A ) (ct,Ai) 



► (7 ! A 3 )^(V,Ao)^>(/,Ao) 



which gives 



n {iM) 



3 
4 



a (I,Ai) ° V.Ao) ° n (I,A 3 ) 



1 

'I' 



(57) 

(58) 
(59) 



i.e. the peaks bunch into groups of four. 

The BS states built on the v = 1/2 MR parent state have 
counterparts at the same filling fraction built instead on the 

v = 1/2 Pf state (we denote these BS ). These are con- 
structed by condensing Laughlin type quasiparticles in the Pf 
state and similarly possess a subset which admits a CF type 



description 57 , 
given by 



Their CF type ground-state wavefunctions are 



(BS* 



(BS 



= Pi 



Xi 



(60) 



(61) 



The v = o " . series of these BS states have edge theories 

in— 1 ° 

which can be described by SU(2) 2 x SU(j-i) x x U(l), and 
so exhibit exactly the same bunching patterns as the BS-CF 
states. 

There are a few other BS states not included in the above 
analyses which are also of interest because they correspond 
to observed second Landau level quantum Hall states. We 
provide the Coulomb blockade peak spacings for these here, 
without the calculational details: 



For the BS^ 3 and BS2/3 states at v = 1/3, the pattern is 

given by 8 2 h^ = for all bulk configurations of the puddle. 
The spacing pattern is the same when there is relaxation. 

For the Bsf/ 3 state at v = 2/3, when the puddle contains 
an even number of c-type quasiparticles, the spacing will al- 
ternate between S 2 h^ = ±i. When the puddle contains 
an odd number of cr-type quasiparticles, the spacing will be 
5 2 h,( n > = 0. When there is relaxation, the spacing pattern will 
be given by 8 2 h'^ = ±i for all bulk configurations. 



and the identifications $^ = $^ +2fe 
quently, their fusion rules are given by 



= <± 2 fc. c° nse - 



mm{j 1 +j 2 ,k-i 1 -j 2 } 
<j)2ji x 3,2.72 _ \" 

and their conformal dimensions are 

( jU + l) m 2 



$ 2j , (62) 



2j 



fe+2 4fc 
3(J + 1) _ m! 
k+2 4k 



for to| < 2j 



j + h^- for 2j < I m I < k 



(63) 

Noting that the electron carries parafermion charge t/>i = 3? 2) 
electron tunneling will give the sequence of parafermionic 
charges 



$ 2 J -> $ 



m+2 



— > 



for which one obtains 



2j» _ 



8 z h 



2 - ± 

2 " 



for 
for 
for 



2j = 
[m] 2k = ±2j + 



\2k 



(64) 



(65) 



M 2fc ± 2j 



This gives bunching of the resonance peaks into groups of 2j 
and k — 2j. This matches the results of Ref . I23I 

These states allow relaxation of the SU(2)fc charge by tun- 
neling neutral excitations carrying £j = $ 2 ,-' charges (where j 
is an integer) between the edge and bulk quasiparticles. This 
relaxes the edge to the minimal weight charges a m = 3>™ 
(note that = <I>g = I and = $\ = a\). Adding 

an electron to the puddle and then relaxing the system in this 
manner, one has the tunneling and relaxation sequence 



' m 7 



f ^m+2 



.+2 e 



with 



S 2 hfJ = 



TO = 0, 1 

for to 7^ 0, 1 



(66) 



(67) 



When k is even, this gives bunching of the resonance peaks 
into groups of k/2. When k is odd, this gives bunching of the 
peaks into alternating groups of and ^ii. This matches 
the results of Ref. [U 

As previously mentioned, the Coulomb blockade patterns 
(both with and without relaxation) of the RRfc m states are 
identical to those found for the Abelian /c-component [M + 
2; M] states and their hierarchical counterparts in Sec. IIV CI 
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F. Anti-Read-Rezayi States 

Particle-hole conjugating the RRfc states (M = 1) and as- 
suming the neutral edge mode equilibrate, one has the RRfc 
states at v = w ith edge theory described by SU(2) fe x 
U(l), where the U(l) is the charge sector and SU(2) fc is the 
neutral sector—. The electrons carry SU(2) fe charge |. 
fusion rules for SU(2)k are given by 



The 



min-jj'i +j 2 ,k-ji -j 2 } 

k x h = 3 

j=\ji-h\ 



(68) 



(in particular, j x | = | — j) and the conformal dimensions 



3 U + 1) 
k + 2 



(69) 



Thus, when j is the total SU(2) fc charge of the bulk quasipar- 
ticles in the puddle, electron tunneling will give the sequence 



k 

J ^2 



J -> J 



for which one has alternation between 



2*» 



5 z h 



2t>) _ 



5 z h 



k-4j 
2 ' 
k-4j 



(70) 

(71) 
(72) 



This gives bunching of the resonance peaks into pairs. This 
bunching pattern is identical to those of states described in 
Sec. lIV Gl (with k here matching up with k — 1 there). 

These states allow relaxation of the SU(2) fc charge by tun- 
neling neutral excitations carrying integer SU(2) fc charges be- 
tween the edge and bulk quasiparticles. This relaxes the edge 
to either or | SU(2) fc charge (depending on whether j was 
an integer or half-integer). For k even, this gives either of the 
following two tunneling and relaxation sequences 



relax e k relax ~ e 

> -> > . . 

2 

relax 

1 e k — 1 relax 1 
> > > - 

2 2 2 



(73) 
(74) 



We note that the SU(2) fc NAF states^ (which include fill- 
ing fractions v = ^5 f° r & even ar, d " = fcf^ f° r & oc 'd) 
have edge theories given by SU(2)fe x U(l), where the U(l) is 
purely the charge sector, so the resonance peak patterns found 
for RRfc also apply to the SU(2) fe NAF states. 



G. Hierarchy States over anti-Read-Rezayi 



One can apply the BS hierarchy construction to the RR;, 
state at v 



k+2 



Building the hierarchy in the charge sector 



by condensing a gas of charge Laughlin quasiholes in 

the first step, produces states described by Pf^ x U(1)k- The 
corresponding CF type ground-state wavefunctions for these 
are 



(BS-RR) 



^(RR)^(cf) 



A'l 



(79) 



The edge theory for such states can be described by SU(2) fe x 
SU(n) 1 x U(l), where the U(l) is the charge sector and 
SU(2) fc x SU(n) 1 is the neutral sector. The electrons carry 
SU(2) fc x SV(n) 1 charge (|,Ai). 

We now restrict our attention to the states at the first level of 
hierarchy (n = 2). These have filling v = and X-matrix 



K 



1 1 

f 

-2 



(80) 



When the total SU(2) fe x SU(2) 1 topological charge of the 
bulk quasiparticles in the puddle is (j, A a ), electron tunneling 
will give the sequence 



(j,A a ) 



2 -i> A [a+l], 



-+ (j,A a ) -k. 



for which one has alternation between 



(|-J,A [a+1]2 ) 



fc-4j + (-!)" 
2 

k-Aj + (-l) a 



(81) 

(82) 
(83) 



which both have 



2i/(n) 



5 Z K 



5 2 h'[ n) = 



(75) RR 



For k odd, the tunneling and relaxation sequence will be 

relax ~ e k relax 1 e k 1 relax ~ e 

• ■ • — > o -> - — > - -» — ► o . 

2 2 2 



for which there is alternation between 



2 > '(") 







1 

2' 



(76) 

(77) 
(78) 



This gives bunching of the resonance peaks into pairs. These 
bunching patterns are identical to those produced by the 



RRfc+i states at v = (see Sec. lIV Fl ) 



These states allow relaxation of the SU(2) k x SU(2) 1 
charge by tunneling neutral excitations carrying (j, A ) where 
[2j + a] 2 =0 between the edge and bulk quasiparticles. This 
relaxes the edge to either or | SU(2) fc charge (depending on 
j, a, and k). 

For k odd, this gives either of the following two tunneling 
and relaxation sequences 



relax / ~ . s e f k 

> (0,A ) -> f -,Ai 



rela 



=> (0,A ) ^> 



(84) 
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relax 



,Ao 



k-1 



,Ai 



which both have 



5 2 h'[ n) 



relax 



o. 



,A 



— > 



(85) 



(86) 



When relaxation occurs, all of these states will always have 
the trivial spacing pattern AA = between peaks. 



2. v = 7/3 



For k even, the tunneling and relaxation sequence will be 



-> (0,A ) 



-, Ai 
2' 



relax 



i . 

O> A 



ft - 1 



Aj 



relax 



for which there is alternation between 

1 

2' 



5 2 h$ n) 



2l'W 



TO 



► (0,A )^...(87) 

(88) 
(89) 



These bunching patterns are identical to those produced by the 
RRfc + i states at v = ^g- (see Sec. lIV Fl ). 

Thus, these (first level) hierarchy states at v = ^3 built 
over the RR^ are Coulomb blockade doppelgangers of the 
RRa- - " 2 



Lfc+i states at v 
r e also note th; 
S = — k on the sphere.) 



£ttj, both with and without relaxation. 



(We also note that both these v = ^3 states have shift 



H. Second Landau Level States 

The lowest Landau level quantum Hall states are all 
strongly expected to be Abelian states described by the Laugh- 
lin and HH states. On the other hand, the physics of the sec- 
ond Landau level is far less certain, but strongly expected 
to possess non-Abelian topological orders. Well-developed 
quantum Hall states have been observed in the second Lan- 
dau level at filling fractions v = 5/2, 7/3, 8/3, 14/5, and 
12 / 5 47 i 48 . We now focus on the relevant candidate quantum 
Hall states for these filling fractions (neglecting v = 14/5, 
which is strongly expected to simply be an Abelian particle- 
hole conjugate Laughlin state). 



1. v = 5/2 



The v = 7/3 candidates Laughlin (Liy 3 ), BSf, 3 , and BS2/3 
all have identical Coulomb blockade patterns. Specifically, 
these always exhibit the spacing 

AA = — (92) 

Po 

between peaks. 

The RR4 and BS-RR3 states will exhibit spacing patterns 
that alternate between 



AA, 



1 1 ± 4(j - IK 
Po ' 



3Vr 



(93) 



0, \, 1, |, or 2, depending on the bulk quasiparticle 



where j - 
configuration. 

When relaxation occurs, L1/3, BS^ 3 , BS2/3, andBS- 
RR3 all have the same trivial spacing pattern A A = . We 

note that the Liy 3 , BS^/ 3 , and BS2/3 states will also be quite 
difficult to distinguish from each other using tunneling and 
interferometry experiments^. It seems that thermal transport 
experiments may be the best hope for distinguishing between 
these. 



3. v = 8/3 

The v = 8/3 candidates have distinct Coulomb blockade 
patterns. The L1/3 (HH2/3) state will exhibit spacing between 
resonance peaks that alternate between 



el v„ 
AA = - 1 ± 

PO V 3w c 



(94) 



The BS2/3 state will exhibit two possible spacing patterns, 
depending on the bulk quasiparticle configuration: alternation 
between 



The v = 5/2 candidates MR (RR 2 ), Pf (RR 2 ), SU(2) 2 
NAF, (3, 3, 1) (2-component [3; 1]), its hierarchical coun- 
terpart, and BS-L 1 / 3 (BS-RRi) all have identical Coulomb 
blockade patterns. Specifically, for an even number of fun- 
damental quasiparticles in the bulk, the spacing between 
Coulomb blockade resonance peaks will alternate between 



AA) = - 
Po 



1± 



2v c 



(90) 



For an odd number of fundamental quasiparticles in the bulk, 
one will simply have 

e 

Po' 



AA 1 



(91) 



AAn = — 1 ± — 



or alternation between 



AA 1 = ±(l±^L 

PO V 3l, c 



(95) 



(96) 



The BS]y 3 state will exhibit two possible spacing patterns, 
depending on the bulk quasiparticle configuration: alternation 
between 



AA = ± l±f 

PO \ OV c 



(97) 
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or simply the trivial spacing 



or alternation between 



AA X = 



Po 



(98) 



The RR4 state will exhibit three possible spacing patterns, 
depending on the bulk quasiparticle configuration: bunching 
into groups of four, alternating bunching into groups of three 
and one, and bunching into groups of two. The bunched spac- 
ing within a group is always 



AA = — ( 1 — — 

PO V 3v c 



(99) 



The spacing between consecutive bunched groups of four is 
AA=-fl + -V (100) 

P0 \ VcJ 

while the spacing between consecutive bunched groups is oth- 
erwise 



Po V 3w c 



(101) 



When relaxation occurs, L1/3, BS2/3, an( l a H have 
identical Coulomb blockade patterns, exhibiting alternation 
between 



AA = - 1 ± 

Po \ 3v c 



(102) 



With relaxation, BS 1 y 3 only exhibits alternation between 



AA = — ( 1 ± — 

Po V 6w c 



(103) 



AAt 



e 

Po 



1± 



5w f 



(105) 



When relaxation occurs, these states all have the same 
Coulomb blockade patterns exhibited by the HH2/5 state (with 
or without relaxation), which is alternation between 



AA = — 

Po 



1 ± 



5v, 



(106) 



V. CONCLUSION 



We have demonstrated that Coulomb blockade experi- 
ments, while possibly somewhat useful in rather limited con- 
texts, are generally quite poor at distinguishing and iden- 
tifying topological orders, particularly for the purposes of 
the quantum Hall states expected to be non-Abelian. This 
re-emphasizes the value of interference experiments, which 
are capable of directly probing quasiparticle braiding statis- 
tic a 22 ' 24 - 49 " — , and thus offer the best method of identifying 
the topological order of a system. It may also be useful to 
supplement interference experiments with ones that measure 
the scaling properties and/or thermal transport, which could 
potentially provide extra details that interferometry might 
miss, such as quasiparticle scaling dimensions 55 and the chi- 
ral central charge. However, such experiments depend cru- 
cially on details of the edge physics which may be prone to 
non-universal effects that debase the information gained from 
them. 



4. v= 12/5 

The v = 12/5 candidates BS 2 / 5 , BS^ (BS-RR 2 ), and 
RR3 have identical Coulomb blockade patterns. Specifically, 
depending on the bulk quasiparticle configuration, they will 
exhibit two possible spacing patterns: alternation between 

AAo = ±(l±p) (104) 

Po \ 5v c J 
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